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Abstract 

Making use of the duality transformation, we construct string representation for the partition 
function of the London limit of Abelian Higgs Model with an additional axionic term. In the 
lowest order of perturbation theory, this term leads to the appearance in the resulting string 
effective action of a new threelocal interaction between the elements of the string world-sheet. 
Consequently, there emerges a threelocal correlator of the dual field strength tensors, which does 
not contain the average over world-sheets, and is therefore nontrivial even in the sector of the 
theory with a single small vortex. The relation between the obtained correlator and the bilocal one 
is established. Finally, it is argued that the vacuum structure of the London limit of the Abelian 
Higgs Model with an additional axionic interaction is much more similar to that of gluodynamics 
rather than without this interaction. 
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In the last years, there appeared a lot of papers concerning string representation of the Abelian 
Higgs Model (AHM) [1-4]. Such an interest to this theory is motivated by the original conjecture 
of 't Hooft and Mandelstam [5] that on the phenomenological level, quark confinement in QCD 
could be with a good accuracy described as a dual Meissner effect in superconductor, and AHM 
is just the 4D model of the latter. 

The main analytical approach to the problem under study is the so-called duality transfor- 
mation [6]. This transformation enables one to reformulate an integral over the regular part of 
the phase of the Higgs field as an integral over an antisymmetric tensor field, which eventually 
acquires a mass equal to the mass of the gauge boson generated by the Higgs mechanism [} On 
the other hand, an integral over the singular part of the phase of the Higgs field can be rewritten 
as an integral over the surfaces, at which the Higgs field is singular. These surfaces are nothing 
else, but the world-sheets of closed vortices, which are present in the type-II superconductor and 
consequently in the London limit of AHM. Such vortices are usually called Abrikosov-Nielsen- 
Olesen (ANO) strings. In this way, we get an interaction of the massive antisymmetric tensor field 
with the string world-sheet, which represents a coupling of the gauge boson to the ANO string. 
Integrating over this tensor field, one eventually arrives at the action of AHM in the London limit 
in the form of the interaction of two elements of the ANO string world-sheet via an exchange of 
the gauge boson. The resulting partition function reads 

Zahm = J X>afy(£) exp < - J da^ix^)) J da\ p (x(^))D lxuM {x{C> - x(g)) 

Is s 

Here £ is a world-sheet of the ANO string parametrized by £ = (£\£ 2 ), and D ^^(x^) — 

x (£')) stands for the propagator of the massive antisymmetric field (the so-called Kalb-Ramond 
field). From now on, we for simplicity omit the Jacobian emerging during the change of the 
integration variables # smg - — > which for the case when E has a spherical topology has been 

calculated in Ref. [2]. 

The aim of the present Letter is to derive string representation for the partition function of 
AHM with an additional term which describes an interaction of an axion with two photons. This 
term is in fact a 0-term, where 9 however is not a c-number parameter as it took place in Ref. 
[3], but a phase of the Higgs field. Such a term emerges due to the integration over the heavy 
fermions interacting with the phase 9 in the following manner [10] 

Ant. = t$ (cos 9 + sin 9) ip, 

where rj stands for the square root of the v.e.v. of the Higgs field. Notice, that some remarks 
concerning dual formulation of the theory of a complex scalar field initially possessing a global 
[/(l)-symmetry, which is then broken by the axionic interaction, have been presented already 
in Ref. [6]. In what follows, we shall derive a dual formulation of AHM (which is a theory 
with a local £7(l)-symmetry) in the London limit with the axionic term added. In particular, 
it will be demonstrated that in the lowest order of perturbation theory this term leads to the 
appearance in the resulting string effective action of the interaction of three world-sheet elements. 

1 It is worth noting, that analogous partition functions of the massive antisymmetric tensor field interacting 
with the string have been for the first time proposed already in the first paper of Ref. [1] and in Ref. [7] for 
investigation of a local theory of charges and monopoles. They have also been considered in Ref. [8] for the 
purposes of construction of a superconducting medium with an antisymmetric tensor order parameter. The same 
theory recently also occured to be relevant to the dual description of 3D compact QED [9] . 
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This interaction gives rise to a threelocal correlator of the dual field strength tensors, which does 
not contain the average over string world- sheets. Without axionic interaction, such a correlator 
has been demonstrated to be absent even in vicinity of the London limit [11]. We shall also 
establish a relation between the obtained threelocal correlator and the bilocal one. This relation 
occurs to be quite similar to the one which holds in gluodynamics [12], which makes it possible 
to conclude that the structure of vacuum of the London limit of AHM with an additional axionic 
term is much more similar to that of gluodynamics than without such a term. 

Let us start with the partition function of the London limit of AHM with an additional axionic 
term (for which we make use of the notations of Ref. [10]). This partition function reads 



ZT™ c = / vA^ve^-ve 1 ^- exp j - J d 4 x 



-/l + y {9,9 - eA,f + ^e^F^F, 

J ' (1) 

In Eq. (1), the phase of the Higgs field has been decomposed as follows, 9 = reg +0 smg ', where # reg ' 
describes a single-valued fluctuation around the vortex configuration, whereas 6 |smg - describes a 
given configuration of vortices. The singular part of the phase of the Higgs field is unambiguously 
related to the string world-sheet £ via the equation [6] 

e^xpdxd^ix) = 2ttS^(x), (2) 

where Yt^x) = J dcr^ v (x(C,))5(x — x(^)) is the vorticity tensor current defined on £, which is 
s 

conserved, i.e. <9 M X M1 , = 0, since £ is a closed surface. 

Making use of Eq. (2) and performing the same duality transformation as the one which has 
been proposed in Ref. [6] and applied in Refs. [1-4], we get from Eq. (1) the following expression 
for the partition function 



^hm" = / VA^Vh^Vx^i) exp { I d 4 x 



12rj 



2 ~ bn "'fiv'-'fj.v 



"7-^)xi/ ~~ -^-^iiuXpA^hxp — - 2 H flu \A fl d l/ Ax + O (e J 



(3) 



4 2 ^ " " Ap 8n 2 r] 

In Eq. (3), h^ u stands for an antisymmetric tensor field dual to 6* reg -, H^x = d^h u x + dxh^ u + d v h x^ 
is its strength tensor, and the integration over the string world-sheets emerged from the integration 
over $ sm &- in a sense described above. All the terms in the argument of the exponent standing on 
the R.H.S. of Eq. (3) except for the one, which is of the order of e 2 are the result of the duality 
transformation of the partition function of AHM without the axionic interaction [1-4], whereas 
the term of the order of e 2 , which has emerged just due to this interaction, is a new one. Notice 
also, that since from now on we shall be interested only in the terms following from the axionic 
interaction in the lowest order of perturbation theory, on the R.H.S. of Eq. (3) we have omitted 
the terms of the order of e 4 . 

It is now technically convenient to pass from the integration over h^ v to the integration over 
the field y?^ = s^ v x p d v hx P - Since such a change of variables is linear, the resulting Jacobian factor 
will be trivial (i.e. it will not affect string effective action, we are looking for), and therefore in 
what follows we shall not be interested in it. In terms of the new field, the partition function 
reads as follows 
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-2-axiomc 
^AHM 



= J VAf/D^Vx^) exp | J d L 



x 



8r] 



f -y\ 



ie 



e^xpffpA^duAx + O (e 4 ) 



Now, carrying out the integration over the field ip^, we get from Eq. (4) 

n2 



o-axiomc 
^AHM 



cxp 
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■ / VA, exp {- / ^ [±i£ + ^Al + ^e^^x) J d 4 y^—^A p (y)+ 



+ (A,d u A x + A x d,A v + A v d x A^) J d 4 y^—^Z pu (y) + O (e 4 ) 



y - x 



(4) 



(5) 



where m = erj is the mass of the gauge boson generated by the Higgs mechanism. Finally, 
integration over the field A^ in Eq. (5) yields the desirable expression for the partition function 



-2-axiomc 
^AHM 



<^1M — 7T f da pu (x) I da^(y) 
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(x - yf 



3 2 

mi] 
' 9tt 4 



da^(z) j da^iu) J d 4 xd A y 



Ki (m\x — y\) 



\x - y\ 



(x-z) x (y-u) v (x - z) p (y -u) p 
— — o vX 



\x — z\ 4 \y — w| 4 



\x — z\ A \y — u\ 4 



m 



54tt 9 



do^yix) [ d 4 yy- — / d 4 wd 4 u 
J \y x\ 



J da pu {v) j da CjX (z) 



[w - v) p (u - z) a (y - u) x 
\w — v\ A \u — z\ 4 (y — u) 2 



+{u — > /i, A — > v, /j, — > A) + (u — > A, A — > /i, n — > v) 



K x (m\y - w\) 



\y - w\ 



Ki(m\y — u\) m ( ^ , ■ » » ,. N 

' i +it[ k ° Mv - u \) + K 2 My - « ) 
\y - u \ 2 v 



(6) 



where da^ v = \s^ vXp da Xp ^ and iQ's, i = 0, 1, 2, stand for the modified Bessel functions. 

The first two terms in the string effective action standing in the exponent on the R.H.S. of Eq. 
(6) are the same as the ones which could be obtained in the London limit of AHM without an 
additional axionic term, if one integrates first over the field tp^ and then over the field A p . The 
difference of these terms from the string effective action obtained in Refs. [1-4] is due to the fact 
that the string effective action derived in these Refs. was obtained in a certain gauge for the field 
h pu , which we have not applied here. 

The third term in the exponent on the R.H.S. of Eq. (6), which follows from the axionic part 
of the partition function (1) and contains threelocal interactions of the elements of the string 
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world-sheet, is a quite new one. Such a term has been absent previously both in the string 
representation of the AHM partition function in the London limit [2] and beyond this limit, i.e. 
in the 1/A-expansion [11], where A is the AHM coupling constant, since the leading term of 
this expansion is quartic in the string world-sheet elements Q. In order to understand why this 
threelocal term is important, let us consider the generating functional of the dual field strength 
tensors in the London limit. It can be obtained from Eq. (1) by adding to the argument of the 
exponent on its R.H.S. the term —i J d^xS^F^, where Sp U stands for the source of the dual field 
strength tensor Q This results in the following shift of the vorticity tensor current in the final 
Eq. (6), — > + —S^ y . In what follows, we shall similarly to Ref. [11] restrict ourselves to 
the sector of AHM in the London limit with a single vortex, whose area |E| obeys the inequality 
erj 2 |S| <C 1. For such a vortex, all the terms in the string representation for correlators of the dual 
field strength tensors containing the average over world-sheets can be disregarded w.r.t. the other 
ones. In this way, we obtain from Eq. (6) the following correction to the generating functional 
of the dual field strength tensors, which gives rise to the leading contribution to the threelocal 
correlator, 

A^ x h°m c [Sap] = 2ahm c [0] exp j d 4 xd 4 vd 4 zS, v (x)S a p(v)S jS (zy 



• 4 ,4 ,4 (V - X )\ ( W - V )p 

d yd wd u r f 



[u - z 



X 



\w 



\u 



SpuapSa^siV - U)x + {p ► fJi, A > Vj fJ, > A) + 



+(u ->• A, A 



D ({y - w) 2 ) D 1 ({y - u 



(7) 



where Zf^£l c [0] is given by Eq. (6). In Eq. (7), D and D\ stand for the renormalization group- 
invariant coefficient functions, which according to the Stochastic Vacuum Model approach [13] 
parametrize the bilocal correlator of the dual field strength tensors as follows 



F Xv (x)FU0) 



+ - d x yx^up - Xpd^pj + d v \Xp5\p - Xpdxpj D x (x 2 ^ . 
Due to Ref. [11], for the case of the London limit of AHM, these functions are equal to 

m 3 Ki(m\x\) 



D x 



4tt 2 



\x\ 



and 



rn 



2tt 2 x 2 



V ' U + — ( K (m\x\) + K 2 (m\x\) 



2 Notice, that the axionic interaction contributes to the quartic terms as well, and they arise already in the 
order of e 8 . Therefore, would one study AHM in the vicinity of the London limit, there emerge two types of terms 
quartic in the string world-sheet elements. 

3 See Ref. [11], where it has been in particular explained, why it is necessary to consider correlators of the dual 
rather than of the ordinary field strength tensors. 
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Then, the leading contribution to the threelocal correlator can be obtained from Eq. (7) according 
to the formula 



i 5 3 /\Z^^ C [S g] 



;-«lo] *W*i)*W^)*W*3) 



The 3! = 6 terms following from Eq. (7) after its threefold variation are obvious, and we shall not 
present them here for shortness. Since the resulting contribution to the threelocal correlator does 
not contain the average over string world-sheets, it is essential even in the sector of AHM under 
study, where we have only one small vortex. 

The nontrivial result is that by virtue of Eq. (7) this leading contribution can be completely 
described in terms of the functions D and D\, which parametrize the bilocal correlator. This is an 
example of equation relating correlators of different orders to each other Q An analogous relation 
occurs between the quartic and the bilocal correlators in the vicinity of the London of AHM, and 
has been established in Ref. [11]. Let us however point out once more that in the absence of 
the axionic interaction, the threelocal correlator which does not contain the average over string 
world-sheets has been lacking even in the vicinity of the London limit. 

Finally, as it has been first mentioned in Ref. [12], in the gluodynamics case, the presence of 
the nonvanishing threelocal correlator is necessary for the consistency of the Stochastic Vacuum 
Model approach. Namely, in this theory, the relation between the bilocal and threelocal correlators 
[14], being resolved w.r.t. the bilocal correlator in the case of vanishing threelocal one, would 
yield for the function D only a constant solution. This is however known to be quite not the 
case, according to the lattice data concerning the function D [16]. This means that the so- 
called Gaussian approximation in the Stochastic Vacuum Model [13], according to which all the 
irreducible correlators higher than the bilocal one can be with a good accuracy disregarded, is not 
self-consistent. Namely, it must be extended by postulating the nonvanishing threelocal correlator 
as well as the property of factorization of all the higher irreducible correlators into the products 
of the bilocal and threelocal ones. In Ref. [12], an ensemble of fields, whose irreducible correlators 
possess such properties, has been called "minimally extended Gaussian ensemble" . 

Our Eq. (7) means that in the presence of the axionic term the ensemble of fields in the London 
limit of AHM should also belong to this type. Thus, we conclude that when the axionic term is 
added, dual AHM in the London limit can really serve as a good model of gluodynamics in the 
confining phase. The results of the present Letter also shed some light to the structure of vacuum 
of AHM in the London limit in the presence of the axionic interaction. 
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4 Another equations for vacuum correlators obtained by several methods in various theories, including QCD, 
have been derived and investigated in Refs. [12], [14], and [15]. 
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